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The trade-off between model accuracy and computation tractability for model-based 
control applications is well known. While nonlinear models are needed to capture the 
detailed behavior of many chemical processes, the resultant structures may not lead to 
straightforward control implementation. The current work advocates the use of low-order 
nonlinear models based on wave propagation that are mathematically concise and cap- 
ture the essential nonlinear behavior of a process. In this work, differential geometry is 
invoked to achieve input - output linearization of a high-purity distillation column based 
on a traveling-wave model. A Kalman filter is used to recursively update the parameter 
ualues. Comparison with a linear controller based on a two-time constant model shows 
that the nonlinear controller outperfoms the linear controller in tight control of both 
the overhead and the bottoms composition. 

Introduction 
Process models are an integral component of most com- 

puter-integrated process operations (Bassett et al., 1994). 
Control schemes, optimization, process scheduling, fault di- 
agnosis, all rely heavily on the process description. Inde- 
pendent of the specific design technique employed, the ma- 
jority of the process controllers are based on some form of 
model describing the dynamic behavior of the process, be it 
just the process gain and the settling time, or systems of par- 
tial differential equations (Morari and Zafiriou, 1989). 

Traditionally, linear models are used as approximations to 
the real plant, as they are simple to understand, easy to ob- 
tain and, furthermore, linear control theory is a well-devel- 
oped discipline. The drawbacks associated with the linear 
models, however, are that they are often valid only in a small 
neighborhood of the nominal operating point and cannot 
capture the rich nonlinear behavior of many processes. The 
use of a linear control scheme can limit the achievable per- 
formance if the process is highly nonlinear (Bequette, 1991). 
Given the nonlinearities that characterize chemical proc- 
esses, the design of nonlinear controllers is well motivated. 

The last decade has seen a significant increase in the num- 
ber of control-system techniques that are based on nonlinear 
systems concepts (Allgower and Doyle 111, 1997). Progress in 
nonlinear control theory, combined with computer hardware 
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advances now allow advanced, nonlinear control strategies to 
be successfully implemented on chemical processes (Allgower 
and Doyle 111, 1997). Nonlinear model development is an ex- 
tremely important part of nonlinear model-based strategy 
(Bequette, 1991). There is a growing need to develop model- 
ing strategies that can capture the nonlinear behavior of 
processes for application in nonlinear control. 

Models developed from first principles are a descriptive 
source of information for any process. However, they are in- 
variably complex, coupled, nonlinear partial differential 
equations. Methods such as finite differences and orthogonal 
collocation can be used to simplify these equations, but they 
lead to a large number of ordinary differential equations (Cho 
and Joseph, 1984). Hankel reduction, balanced realization, 
and other techniques can be used for reducing the order of 
the equations, but the resulting equations do not retain their 
physical significance (Marquardt, 1985). Similarly, data-driven 
models, based on only the input-output information, do not 
always capture the physically significant parameters. Under- 
standing the physical significance of parameters and variables 
is often helpful in developing a good control strategy. An ex- 
ample is the linear two time-constant model for distillation 
columns developed by Skogestad and Morari (1988b) where 
the two time constants that capture the dynamic behavior of 
the column are motivated by the internal and external flows 
in the column. There is a need for low-order nonlinear mod- 
els that can capture the essential nonlinearity of the system 
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while retaining mathematical simplicity as well as physical 
significance. 

Systems with distributed parameters often exhibit dynamic 
phenomena that resembles traveling waves. Conservation of 
mass, energy and momentum often results in traveling waves 
that can be represented by wavefronts, wave pulses, and wave 
trains (Marquardt, 1990). In chemical engineering, the propa- 
gation of waves has been studied extensively in connection 
with reaction engineering, combustion technology, and sepa- 
ration processes. Examples include temperature and compo- 
sition profiles in high-purity distillation columns (Luyben, 
1972), temperature profiles in fixed-bed reactors (Pusqhski 
and Hlavacek, 19841, and composition profiles in adsorption 
columns. 

The objective of this article is to utilize the traveling-wave 
phenomenon exhibited by a high-purity distillation column in 
developing low-order models to capture its nonlinear behav- 
ior and develop model-based control strategies to control the 
process. 

Nonlinear Control of Distillation Columns 
Tight control of high-purity distillation columns has been a 

subject of research for many years (for review, see, for exam- 
ple, Luyben, 1992; Skogestad, 1992). Controller designs based 
upon linearized and lumped models work reasonably well for 
columns of low to moderate purity. Increasing demands of 
high product quality, minimal waste generation, and low en- 
ergy consumption have led to an increased demand for tighter 
control of columns. The performance of linear model-based 
control systems degrades in applications to high-purity 
columns, particularly for dual-composition control (Uvine 
and Rouchon, 1991). 

One of the first researchers to use traveling waves in con- 
trol applications was Luyben (1972). The profile position of 
the temperature front in a distillation column was used as the 
controlled variable in rejecting feed disturbances. Nandaku- 
mar and Andres (1981) use the wave model to calculate the 
minimum reflw conditions. Based on the profile position, 
Gilles and Retzbach (1983) developed a simple dynamic 
model for an extractive distillation column with a vapor side 
stream. They linearized the model obtained and utilized it 
for regulatory control. 

Marquardt (1986, 1988, 1990) studied the behavior of the 
traveling waves in great detail, most notably in applications 
to high-purity distillation columns. Using various approxima- 
tions for the vapor liquid equilibrium, he was able to derive 
theoretical expressions for the composition profiles in the 
column. The parameters in the profiles were obtained using 
the method of weighted residuals. Temperatures in the col- 
umn were measured and the compositions were inferred us- 
ing a Kalman filter. The model thus obtained was linearized 
and used in linear control. 

Hwang extended the well-developed theories from fixed- 
bed sorption to countercurrent separation processes and dis- 
cussed the formation of self-sharpening waves in high-purity 
distillation columns (Hwang, 1991). He attributed the travel- 
ing of composition waves to imbalances in the convective 
transport between the two phases. The model developed by 
Hwang is discussed in some detail in the next section. 

Han and Park (1993) used the concise model developed by 
Hwang in a generic model control algorithm (GMC). The 

profile positions in the rectifying and the stripping sections 
were taken to be the states of the system. The error weight- 
ing factor of the observer was defined as a nonlinear empiri- 
cal function of the distance from the profile position. Compo- 
sition measurements were taken at every tray to correct the 
estimated value of the states. 
In the recent years, it has been shown that nonlinear state 

feedback controllers can be used effectively to achieve good 
control of nonlinear systems. Groebel et al. (1994) used 
asymptotically exact input-output linearization of a detailed, 
tray-by-tray model to control an industrial distillation col- 
umn. Regular input-output linearization did not give linear 
responses or disturbance decoupling. However, they demon- 
strated that an additional compensator could be introduced 
to linearize the system. LCvine and Rouchon (1991) used 
nonlinear aggregate models to control distillation columns. 
They reduced the detailed model to compartments based on 
the time scale of the response to the changes in the manipu- 
lated variables and the disturbances. Differential geometry 
was then used to linearize the model and control the plant. A 
similar approach was also taken by Castro and Alvarez (19901, 
where they used a bilinear estimation technique for a low- 
order aggregated distillation column model. McLellan et al. 
(1990) demonstrated that distillation columns satisfy the “dis- 
turbance decoupling” conditions, that is, the disturbances do 
not directly affect the outputs and can be decoupled from the 
outputs. Alsop and Edgar (1990) used approximate lineariza- 
tion in conjunction with a low-order nonlinear multiple in- 
put/multiple output (MIMO) model of a distillation column 
for nonlinear control of a rigorous distillation column. 

Nonlinear variable transformation has been another ap- 
proach taken by many to combat the nonlinearity of the 
process. Joseph and Brosilow (1978) and Ryskamp (1982) used 
the logarithms of the outputs to implicitly decouple the con- 
trollers. Skogestad and Morari (1988a,b) demonstrated that 
scaling based on logarithms eliminated nonlinearity at high 
frequency and the subsequent controller operated effectively 
over a wide range of operating conditions. Mountziaris and 
Georgiou (1988) derived various nonlinear transformations 
and evaluated them based on steady-state control design tools 
such as the relative gain array. 
In the next few sections our approach to the problem is 

outlined, where the model based on the traveling-wave phe- 
nomenon is utilized in nonlinear feedback-control strategy to 
obtain tight control of a high-purity distillation column. 

Nonlinear Wave Theory 
A traveling wave is defined as a structure moving with a 

constant propagation velocity and constant shape along a 
spatial coordinate. The dynamic behavior of a distillation col- 
umn can be characterized by the movement of the composi- 
tion or the temperature profiles up or down the column in 
response to the feed disturbances or changes in manipulated 
variables (Hwang, 1991; Marquardt, 1990). 

The mass balance for the entire rectifying section of a dis- 
tillation column can be written as the following partial differ- 
ential equation: 

a x  dy  L d x  v dy  

a7 a7 F do F aa 
- + r - - - -  +--=o. (1) 
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Here x is the mole fraction of the more volatile component 
in the liquid stream; y is the mole fraction in the vapor 
stream; L and V are the liquid and vapor flow rates in the 
section; F is the feed flow rate; u is the normalized tray 
position; T is the normalized time; and r is the ratio of the 
vapor to liquid holdup. The velocity along constant x is given 
by 

dx 

where dy/dx is the slope of the equilibrium. Equation 2 rep- 
resents the normalized wave velocity. It is apparent that each 
point on the composition profile moves with a different ve- 
locity. If u, tends to decrease with u, then the wave tends to 
sharpen; if u, tends to increase with u, then the wave 
spreads. The former is called a self-sharpening wave and the 
latter a nonsharpening wave. At the point where dy/dx is 
equal to the slope of the operating line L/V, the velocity is 
zero (stagnation point). A self-sharpening wave eventually 
becomes a discontinuity at this point. The subsequent move- 
ment of the wave can be characterized by its shock-wave ve- 
locity, uA, which is obtained from a global material balance 
across the wave: 

AY L 

(3) 
1+r-  

A x  

The concentration profile moves with this shock velocity when 
a disturbance perturbs the system. As the wave travels to the 
end of the column, nonequilibrium forces dominate, forcing 
the wave to stop, thereby establishing a new steady state that 
depends on the new L/V. 

Equations 2 and 3 are relevant for the rectifying section of 
the column. Similar equations can also be written for the 
stripping section. The shock-wave velocity is given by 

1+r- 
A x  

(4) 

where z and are the liquid and the vapor flow rates in the 
stripping section. A simple mass balance around the feed tray 
links the two sections. 

The two differential Eqs. 3 and 4 describe the motion of 
the stagnation points (s,,, and sStrip) or the fronts of the 
waves. These distinct fronts are related to the regions of in- 
tense mass transfer. The shape of the wave is principally de- 
termined by the vapor-liquid-equilibrium (VLE). Marquardt 
(1986) analytically derived expressions for the shape of the 
wave for different VLE relations. In this work, a wave profile 
is employed that is similar to the analytical solution for a 
second-order VLE relationship. The expression is shown in 
Eq. 5 where yr, yrmin, and yrmaX determine the shape ( y ,  and 

ye are the vapor concentrations leaving and entering the rec- 
tifying section). More complicated expressions are obtained 
for the shape profile when complex expressions are used for 
the VLE. This expression was selected over others, as it cap- 
tures the shape of the profiles observed for the case study 
considered. The parameters have a simple physical interpre- 
tation as well. yrmin and yrmax fix the boundary of the profile 
while yr determines the steepness of the profile: 

Yrmax - Yrmin 
1 + exp( yprec ) ’ Ye = Yrmin + (5) 

Similar equations can also be derived for the stripping section. 
For the sake of completeness, the assumptions made for 

the derivation of the reduced model are provided: (1) ideal 
equilibrium stages; (2) constant relative volatility for the VLE 
relationships; (3) total condenser and reboiler; (4) constant 
molar overflow; (5) constant molar holdup of all the plates 
with the same value; (6) constant liquid holdup; and (7) negli- 
gible vapor holdup of the reboiler and the condenser. Fur- 
thermore, the energy balances are neglected. 

Marquardt and Amrhein (1994) derive an additional term 
in describing the velocity of the wave that is attributed to the 
change in shape of the profile. However, it is also stated in 
their article that this term is generally small compared to the 
contribution of the net flow (derived in Eqs. 3 and 4) and 
hence can be neglected. Moreover, in this approach, the 
change in shape of the profiles is handled using a parameter 
estimator, as is shown in the following sections. 

The constant model structure approach can be compared 
to the approaches taken by other researchers who have pro- 
posed low-order empirical models. Skogestad and Morari 
(1988b) use the logarithms of the overhead and the bottom 
compositions, and fit the resulting linear model to a two 
time-constant equation. Wong and Seborg (1992) assume a 
nonlinear structure in which the gain and the time constants 
are empirically dependent on the output. Chien and Ogun- 
naike (1992) assumed a similar structure, but in their model 
the gain and the time constant depend empirically on the 
input. A notable distinction of the structure used in this work 
over preceding structures is the fact that this approach is 
based on a fundamental process description. 

Parameter Estimation 
In the model described in the previous section, there are 

three parameters to be determined in each section of the col- 
umn. In this approach, the parameters yrmax, y rmin ,  y,,,,, 
and yrmin are fixed. The mismatch between the plant and the 
model is lumped in the shape parameters yr and ys, and they 
are varied to ensure that the model tracks the plant closely. 
To do so, the parameters are estimated using a filter and the 
mismatch is represented as noise, which is filtered. A similar 
approach for estimation of parameters is presented in (Gelb, 
1974). Using this approach the nonlinear wave model can be 
represented as 
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1 
j _ =  
strip 

l+r(:) S 

Ysmax - Ysmin 
- xz + 

1 +exp(yssstrip) 

Here, Lnom and Vno, are the liquid and vapor flow rates at 
the nominal operating point; yd and y, are the overhead and 
the bottoms compositions (calculated using the equation for 
the wave shape, Eq. 5); and u,  and uz  are the liquid and 
vapor flow rates, respectively, in deviation variables. The mass 
balance around the feed tray is an algebraic constraint that 
links the two differential equations. The feed coming in is 
assumed to be saturated liquid. x ,  is the mole fraction of the 
lighter component in the liquid stream leaving the rectifying 
section, y, is the vapor mole fraction of the component en- 
tering the rectifying section, x2 is the mole fraction of the 
component in the liquid stream entering the stripping sec- 
tion, and y, is the mole fraction of the component in the 
vapor stream leaving the stripping section. y, and x ,  satisfy 
the equilibrium relationship, where a is the relative volatil- 
ity. wl, 02, w3,  w4, vlr and v2 are independent white-noise 
processes. 

The algebraic constraint is satisfied numerically, resulting 
in four nonlinear, coupled differential equations that can be 
represented as 

The states of the reduced model, x, have to be estimated 
using the output measurements from the detailed column 
model. Here, the Kalman filter is invoked to estimate the 
states. Let A = [ df (x ) l /dx ,  C = [ dh(x ) l /dx ,  Q,  the covari- 
ance of the process noise, and R, the covariance of the mea- 
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surement noise. Then the matrix differential equation for the 
covariance of the states is given by 

dP 
- = A P + P A ~ + Q - P C ~ R - ~ C P  dt 

K = P C ~ R - ' ,  (8) 

where K is the Kalman gain matrix (Gelb, 1974); A and C 
are obtained at the nominal operating point and used in the 
preceding calculation; the steady-state values of P,  and hence 
K ,  can be calculated off-line to yield a suboptimal filter. The 
estimates of the states in Eq. 7 can be obtained using 

where y is the observation from the plant, j is the estimated 
value, and K ( y  - j )  is the filtered error that is fed back to 
update the states. 

The Kalman filter for this system gives very good estimates 
of the stagnation points, srec and sStrip, as well as the parame- 
ters, 'y, and 7,. The case study in the sixth section shows that 
this approach ensures that the reduced model tracks the de- 
tailed column accurately. 

Control Design 
For the distillation column, the manipulated variables con- 

sidered here are the liquid and vapor flow rates, and the con- 
trolled outputs are the overhead and bottoms mole fraction 
of the lighter component. The L/V configuration is chosen 
here, as this is the one most commonly used in industry 
(Skogestad and Morari, 1988a). By a suitable transformation 
of variables, other configurations such as D/V and D/B 
can also be considered. The control strategy adopted is in- 
put-output linearization that has been used in many 
process-control applications (Kravaris and Chung, 1987). The 
key idea involves a nonlinear coordinate transformation, 
based on differential geometry, that converts a nonlinear sys- 
tem into a linear system relating the output y to a new input 
u in the transformed coordinates. Algebraic equations link 
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the new input u and u. Using this method, a multivariable 
system cannot only be linearized, it can often be decoupled 
as well. The resultant decoupled, linear systems can be con- 
trolled using linear controllers (Kravaris and Soroush, 1990). 

Two aspects of this problem make the use of differential 
geometry challenging: (1) the system is modeled using differ- 
ential algebraic equations as opposed to simply differential 
equations; and (2) the incorporation of a Kalman filter, which 
gives an estimate of the stagnation points as well as the pa- 
rameters, adds a new disturbance to the system. 

Kalman filter in control design 
The presence of a Kalman filter introduces an additional 

term, K ( y  - j ) ,  in the model as is shown in Eq. 9. Since j is 
a function of 3, it can be included in the f(2) term. How- 
ever, Ky acts as an additional disturbance affecting the sys- 
tem. The outputs have a relative degree of (1,1IT with respect 
to this disturbance. 

Instead of f. f,,, is used in the calculation of the Lie deriva- 
tives, that is, Ll,,,h, L,L,?,,h. This modification accounts for 
the presence of the filter in the control design. 

This modification is referred to as asymptotically exact lin- 
earization by Groebel et al. (1994). They use this technique 
to control a distillation column using temperature measure- 
ments. The error between the estimated and measured tem- 
perature is filtered and used in input/output linearization. 
The advantage of this method is that the states of the model, 
which are required for feedback linearization, are completely 
known since the filter is used to estimate them. 

Differential Algebraic Equations. McClamroch (1990), 
Fliess et al. (1994), and Kumar and Daoutidis (1995) are some 
of the researchers who have used differential geometry to lin- 
earize a system of differential-algebraic equations. The pres- 
ence of the algebraic constraints complicates the control 
strategy, particularly if the system has an index greater than 
one. 

In particular, Kumar and Daoutidis (1994) have looked at 
chemical engineering problems that are modeled by differen- 
tial algebraic equations. Consider a system that is repre- 
sented by the following equations: 

where z is an algebraic variable. If the system has index 1, 
then f ( x )  is nonsingular and 

The expression obtained for z from Eq. 12 is substituted in 
Eq. 11 to obtain a set of differential equations. (The more 
complicated case of linearization when the index is greater 
than one is dealt with in Kumar and Daoutidis (1995).) 

To apply the method just described, the wave model (Eq. 
9) has to be rewritten. Define: 

where j is the estimated value of the outputs; y is the array 
of the measurements of the outputs from the detailed model; 
Ay/Ax ,  evaluated as per Eq. 6, is a complicated function of 
the states. Then the equations can be written as 

i 
X =  

+ 

1 [ + ( g)s - 11 - 1 + r ( g )  S 

L 

0 
0 

-1 

-1 

0 c 0 

Lnom + 

1 

1 

m4 

0 
0 

- 1  

-1 

For this case the index of the system is one which implies 
that the constraints can be rewritten as 

‘1 
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We can rewrite the model equations as 

(16) 

where 

This is a simple extension of the approach taken by Kumar 
and Daoutidis (1995) to include the input terms in the con- 
straint. The model can now be treated as nonlinear differen- 
tial equations that can be linearized using the input-output 
linearization scheme. 

An alternative approach to the problem is to satisfy the 
constraint numerically and treat the model as nonlinear dif- 
ferential equations. This results in numerical simplifications, 
as f, Z1, and so on, are not evaluated. A similar approach is 
used by Groebel et al. (1994). The vector relative degree is 
calculated to be (1, 1lT, the sum of which is less than the 
number of states, 4. This implies that two of the transformed 
states can be linearized using new inputs, while the other two 
will form the internal states of the system. The nonlinear co- 
ordinate transformation ‘I’ is chosen to be 

This ensures the transformation is diffeomorphic, as the Ja- 
cobian of VI is nonsingular. In the new coordinates the equa- 
tions can now be written as 

New inputs, u1 and u,, are introduced and related to the 
old inputs, u1 and u2, via the following equations in the 
transformed coordinates: 

Rearrangement of the righthand side of the preceding 
equations results in two decoupled, first-order linear systems. 
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(21) 

zl = y @ )  and z2 = y 2 ( i )  are linear with respect to the new 
inputs u1 and uz. The presence of the filter ensures that y l ( i )  
and y2(f) track the output measurements from the plant, y ,  
and y z ,  closely. Hence the plant can be linearized and decou- 
pled as well. 

As is seen from the preceding equations, the stability and 
the response characteristics of z1 and z2 can be manipulated 
using the tuning parameters. However, apart from them, the 
internal states (z3 and z4), that is, the zero dynamics need to 
be stable as well for the system to be stable. The stability of 
the internal states can be analyzed from the behavior of i3 = 
i(1) and i, = $(2), which depends on the stability of the filter 
(Eq. 9). For a localized stability analysis the linearized ver- 
sion of Eq. 9 is considered: 

i=&+ B U + K ( ~ - C ~ )  

i = ( A  - K C ) ~  + BU + KY 

j = ci. (22) 

Here 

d[g,(x) g,(x)I 
B =  

d X  
, 

u = b ,  u21=’, 

df (x) d h ( x )  
d x  ’ d X  

and C = - - .  A = -  

The preceding system is stable for bounded inputs ( U  and y )  
only if all the eigenvalues of the matrix A - KC are in the 
left half plane. For this case, three of the eigenvalues are in 
the left half plane and one is very close to zero, that is, al- 
most on the j w  axis (though still in the left half plane). Ex- 
tensive simulations over a large range of operating points in- 
dicate that the system is indeed stable and the parameters 
are bounded. Some of the simulations are presented in the 
section discussing the case study. The eigenvalue close to zero 
corresponds to the stagnation position in the rectifying sec- 
tion, s,,,. This can be rectified by obtaining temperature 
measurements along the length of the column to map out the 
profile and hence increase the robustness of the observer. 
However, in this work, the simplest measurement set is as- 
sumed (endpoint only), while a more elaborate inferential 
scheme requiring profile measurement is left for future work. 
Thus, the nonlinear model can be decomposed into two de- 
coupled, first-order linear systems, and the internal states of 
the system are stable as well. Two linear internal model con- 
trollers (IMCs) can be used to close the outer loops. a,, alr 
Po, and P1 are tuned to meet the closed-loop requirements. 

Changes in the feed flow rate and the feed composition 
constitute measured disturbances that affect the system. Cal- 
culations indicate that the system has a higher relative degree 
with respect to these disturbances than the manipulated vari- 
ables, therefore the nominal design will achieve perfect dis- 
turbance rejection (for no model mismatch). In a way this 
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Figure 1. Diagram of the controller. 

design incorporates feedforward control, since the nonlinear 
model takes into consideration the values of the feed flow 
rate and the feed composition. 
A diagram of the complete setup including the controller 

and the estimator is shown in Figure 1. 

Case Study 
The case study under consideration is a 20-tray distillation 

column separating an equimolar mixture of benzene and 
toluene (see Table 1). The model used is an industrially rele- 
vant case study in the dynamic simulation solver SPEEDUP. 
Detailed energy balances, temperature and composition- 
dependent VLE, and the hydrodynamics of the flow in the 
column are modeled in this case study. This detailed 
SPEEDUP model is a reasonably complex realistic model to 
capture the nonlinear behavior of a distillation column. The 
relative volatility of the mixture is approximately equal to 2.0. 
Additional results for controlling the column are presented 
in Balasubramhanya and Doyle I11 (1995). The column is 
highly nonlinear with strong dependence of the gains and the 
lags on the magnitude and the direction of the disturbances. 
Another indication of the nonlinearity of this system is the 
variation of its relative gain array (RGA), which is a scalar 
control-relevant trend, with respect to the operating level. In 
this case, the operating regime is determined by varying the 
composition of the feed entering the column. A linear model 
will predict a single RGA value, while a nonlinear model gives 
rise to a locus of RGA values. Figure 2 shows how the RGA 
varies with the operating point. 

Table 1. Nominal Operating Conditions in Detailed Column 
and Reduced Model 

Detailed Reduced 
Reflux (kmol/h) 130.069 102.371 
Vapor (kmol/h) 175.67 151.939 

Feed mole fraction 0.5 0.5 
Top mole fraction 0.985 0.985 
Bottom mole fraction 23.34e-3 23.34e-3 
No. of ODES 89 2 

Yrmm 

Feed (kmol/h) 100 100 

0.62 - 
1 
o.Ooo5 
0.75 

- 
- Yrmax 

Ysmin 
Ysmax 

- 

.- 2 l4 - -Wave Model I 

2 
- \ 

' I \  

1 
0.5 0.52 0.54 0.56 

2' 
0.44 0.46 0.48 

Mole Fraction of Benzene in' the feed 

Figure 2. Relative gain array as a function of the operat- 
ing point (Kalman filter not used to update the 
parameters). 

The change in the RGA can be used as a control-relevant 
parameter to validate a reduced model. The reduced model 
under consideration is the nonlinear wave model discussed 
previously (see Table 1). The parameters yrmin, yrmax, ysmin, 
and ysmax are fixed empirically using the compositions enter- 
ing and leaving the rectifying and stripping sections of the 
detailed column. Constant values of y, and ys are used in- 
stead of estimating them at each operating point. As y, and 
ys are fixed and not estimated each time, the feed composi- 
tion information is,not used in calculating the RGA. As shown 
in Figure 2, the reduced model is able to capture the change 
in RGA. A linear model would have a constant RGA evalu- 
ated at the nominal operating point. If the plant were to op- 
erate at a point away from the nominal operating point, model 
mismatch would be introduced in a linear control configura- 
tion, as the linear model cannot capture the variation in the 
RGA. Other researchers have plotted RGA as function of 
frequency yielding linear analysis results (e.g., Skogestad and 
Morari, 1988b; Amrhein et al., 1993). In the present work, 
the emphasis is more on the nonlinear variation of RGA with 
a change in the operating point. 

Singular-value decomposition (SVD) of the steady-state 
gain matrix for the detailed column and the reduced model 
can provide important information regarding the input direc- 
tions that give rise to the maximum and the minimum gains 
(Amrhein et al., 1993). The SVD of the gain matrix for the 
detailed column at the nominal operating point is given by 

1 4.58345E -3 -4.50812E -3 
8.66812E -3 -9.80880E -3 

I 4.40303E - 1 
8.97849B - 1 

-8.97849E - 1 
4.403038 - 1 

4.03430E O I  - 4 

6.72300B - 1 -7.40279B - 1 ] (23) '[ -7.40279E-1 -6.73200E-1 ' 
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Similar decomposition for the gain matrix of the reduced 
model at the nominal operating point gives 

1 1.136046-2 -1.10322E-2 
7.900358 -3 -8.22294E -3 

1 8.115518-1 -5.84282E-1 
5.84282E - 1 8.11551 E - 1 

3.20727E O I  - 4 

] (24) 7.09100E -01 -7.05108E -1 '[ -7.051086-1 -7.09100E-1 * 

Maximum and minimum singular values are the maximum 
and minimum gains of the plants (Skogestad and Morari, 
1988b), as the inputs are varied. It is essential that a model 
be able to capture this information as well as the input direc- 
tions associated with them. The singular values for the re- 
duced model and the detailed model are extremely close. The 
unitary matrices for the detailed column corresponding to the 
gains are captured closely by the reduced model, particularly 
the righthand unitary matrix. The importance of capturing 
not just the singular values but the directions accurately is 
stressed by Amrhein and Marquardt (1993). 

Skogestad and Morari (1988b) also illustrated how a distil- 
lation column can be represented by a linear model that ac- 
counts for the two inherent time constants in the column cor- 
responding to the internal and external flows. The two time 
constants for the detailed column are 2.465 and 0.529 h (ob- 
tained as per the equations in Skogestad and Morari (1988b)). 
The reduced model when linearized about the nominal oper- 
ating point, is a second-order model with the time constants 
2.492 and 0.220 h. The dominant time constants for both the 
models are very close and the internal time constants are of 
the same order of magnitude. 

The reduced model is also validated by conducting open- 
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Open-loop responses of the detailed and 
the reduced models for a step change of 10 
kmol/h in the liquid flow rate (Kalman filter 
used to update the parameters). 

Time (Hours) 

Figure 4. Variation in the parameters for an open-loop 
step change of 10 kmol/h change in the liquid 
flow rate. 

loop simulations. The liquid flow rate to the column is in- 
creased by 10%. Figure 3 shows that the reduced model does 
indeed capture the behavior of the detailed model (the plot 
for bottoms composition of the reduced model overlays the 
plot for the detailed model). A Kalman filter is used to up- 
date the values of the shape parameters and address the plant 
model mismatch. The variation in the parameters for this case 
is shown in Figure 4. 

Another issue of importance is whether the estimator is 
sensitive to uncertainties in the initial values for the parame- 
ters. To study this, a 25% error in the initial value of yr and a 
25% error in ys were introduced and the response of the 
reduced model was plotted. As can be observed from Figure 
5,  the reduced model tracks the detailed column model within 
a very short span of time. The change in the states of the 
observer (parameters as well as the stagnation positions) for 
this case is shown in Figure 6. 
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Figure 5. Open-loop response of the reduced model 
with incorrect initial parameter values (+25% 
error in 'yr and 'yJ. 
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Figure 6. Change in the states of the observer, y,, ys, 
srec, and sStrip, for incorrect initial parameter 
values (open loop; +25% error in yr and ys). 

As described earlier, the reduced model has a vector-rela- 
tive degree, and hence can be decoupled and linearized. An 
open-loop simulation of the linear system relating y and u is 
carried out by changing the input v 1  while keeping v 2  con- 
stant. The results are shown in Figure 7 where the ideal re- 
sponse (no model mismatch-dashed line) is compared to the 
true column response (solid line) and the wave model 
(dotted-dashed line). The response of the wave model com- 
pletely overlays the ideal response indicating that it is com- 
pletely decoupled and linearized. The true column shows very 
small deviations, and it can be assumed that the true column 
is decoupled and linearized as well. 

Closed-loop simulations were carried out to verify the con- 
troller performance. The performance of the nonlinear con- 
troller was compared to linear IMC controllers. The Jacobian 
about the nominal operating point provides information about 

5 0.987 

P f :o.s88//;~ -1 
P 
0 

0 1 2  3 4 5 6 7 8 9 10 
Time (Hours) 

0.985 

2 E 0.02= t 

the gains of the column. A simple linear model can be ob- 
tained using the Jacobian and a single time constant as shown: 

4.58345E -3  -4.50812E -31 (25) 
8.66812E -3  -9.80880E -3  ' 

G,(s) = - 

A linear IMC controller would include the inverse of the 
model and a filter to tune the response of the system: 

As was mentioned earlier, Skogestad and Morari (1988a) 
demonstrated that a two time-constant model captures the 
high-frequency behavior of the column better than a single 
time-constant model. A two time-constant model with the 
time constants of 2.465 and 0.529 h was also used to develop 
an IMC controller: 

I 4.58345E -3  -4.583456 -3  7.733E - 5  + 
2.465s + 1 2.465s + 1 0.529s + 1 

2.465s + 2 2.465s + 1 0.529s + 1 
8.66812E -3  -8.66812E -3  -1.14068E - 3  + 

(27) 

For both the linear controllers A = 1.5 h. For the nonlinear 
controller, a. = Po = 1 and a1 = PI = 1.5. These settings en- 
sure that both the linear and nonlinear controllers have a 
closed-loop time constant of 1.5 h in the overhead and the 
bottoms loop. 

A setpoint change in the bottom composition is used to 
compare all the three controllers. Figure 8 shows that while 
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Figure 8. Closed-loop step change of +0.012 in the 
mole fraction of benzene in the bottoms. 
Comparison between the performance of the nonlinear con- 
troller, the linear controller based on a single time constant 
model, and the linear controller based on the two time-con- 
stant model is provided. 
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the controller based on the two time-constant model has a 
smaller settling time for both the loops than the one based 
on the one time-constant model, the nonlinear controller 
outperforms both the linear controllers. "Nonlinear IOL" 
refers to the response of the detailed column in conjunction 
with the IOL controller while "Linear 1MC"refers to the re- 
sponse of the detailed column in conjunction with a linear 
controller. Henceforth only comparison with the two time- 
constant linear controller will be provided. 

A setpoint change in the bottom composition in the other 
direction is considered. From Figure 9 it is evident that al- 
though the performance of both the controllers is compara- 
ble in the bottom loop, the nonlinear controller outperforms 
the linear controller in controlling the overhead composition. 
Figure 10 shows the variation in the parameters for the set- 
point change. 

Next, changes in the overhead composition were consid- 
ered. An increase in the overhead composition is shown in 
Figure 11. As the figure indicates, the nonlinear controller 
outperforms the linear controller in dual control of the com- 
positions. The input move for this setpoint change is shown 
in Figure 12, which shows that the moves dictated by the non- 
linear controller are not drastic or difficult to implement. 

Disturbance rejection is of critical importance for high- 
purity column operation. A comparison between the linear 
and the nonlinear controllers is shown in Figure 13. A feed- 
forward/feedback IMC controller designed for disturbance 
rejection and setpoint control is used as the linear controller. 
The nonlinear model incorporates information about the feed 
flow and the feed composition in its formulation, leading to 
implicit feedforward compensation. The disturbance is a 
change in the feed flow rate from 100 kmol/h to 120 kmol/h. 
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Figure 10. Change in the parameters for a closed-loop 
setpoint change in the bottoms composition, 

Figure 12. Inputs move for a closed-loop step change 
in the setpoint of the overhead composition, 

r = (0, - 0.01 3)'. r = (0.01 20, 0)'. 
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As is evident from Figure 13, the nonlinear control achieves a 
tighter regulation of both the overhead and bottom composi- 
tions compared to the linear controller. 

Conclusions 
The theory of traveling waves provides a simple, elegant, 

and nonlinear model to capture the dynamic behavior of a 
high-purity distillation column. Assumptions regarding a con- 
stant structure for the shape of the profiles provides further 
simplification of the problem. The shape parameters of the 
profile are updated on-line using a Kalman filter, for which 
the gains can be calculated off-line. The nonlinear model is 
able to capture certain inherent behavior of a distillation col- 
umn, such as variation in the RGA with operating points, the 
two time constants, the singular gains, and input directions. 
Furthermore, the reduced model lends itself to  input-output 
linearization via state feedback. A comparison is provided 
between a linear controller based on the two time-constant 
model and the nonlinear controller, in which it is observed 
that the nonlinear controller outperforms the linear con- 
troller in dual composition control. Significantly improved 
disturbance rejection is also obtained using the nonlinear 
controller. 

Thus, the dynamic behavior of a process can be used to 
develop nonlinear models for use in nonlinear control strate- 
gies, resulting in tight control. Application of traveling waves 
in other unit operations such as pulp-digesters and reactive 
distillation columns are areas of future interest to  the au- 
thors. 
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